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Abstract. This note corrects a gap and improves results in an earlier 
paper by the first named author |F3| . 

More precisely, it is shown that on weakly compactly generated 
Banach spaces X which admit a C p smooth norm, one can uniformly 
approximate uniformly continuous functions / : X — > M by Lipschitz, 
C p smooth functions. Moreover, there is a constant C > 1 so that any 
?7-Lipschitz function / : X — > R can be uniformly approximated by 
C?7-Lipschitz, C p smooth functions. 

This provides a 'Lipschitz version' of the classical approximation 
results of Godefroy, Troyanski, Whitfield and Zizler. 



1. Introduction 

The purpose of this note is to correct a gap in the proof of the main result 
of [F3] . Specifically, in the original proof the function (x) = (Sx, Tx) was 
shown to map from X into the open set U C Zoo (F x N 2 ) Co (JF x N 2 ) as 
required by Haydon's theorem (see Theorem 1 below), however; for F : X — » 
M. continuous and bounded, and {x^f} C X dense, it may be that the map 

(K,n,m) ' 

F (xf) (Tx) 

(K,n,m)j does not, as was thought in 
The present paper mends this difficulty under the formally stronger 
hypothesis that X admit a C p smooth norm rather than merely a Lipschitz, 
C p smooth bump function. For weakly compactly generated (WCG) spaces 
it is unknown if these two conditions are equivalent. We note, however, that 
there are Cq (T) spaces, where T is a tree, which admit C°° smooth bump 
functions but no Gateaux smooth norm (see [H2] ). Despite the formally 
stronger hypothesis, we have otherwise improved the results from [F3j . In 
particular, when the function / to be approximated has convex domain, we 
are able to remove the condition imposed in [F3j that / be bounded, and in 
addition obtain stronger results when / is Lipschitz (see Theorem 4 below). 



1991 Mathematics Subject Classification. 46B20. 

Key words and phrases. Smooth approximation, WCG Banach space. 

1 



2 R. FRY AND L. KEENER 

We wish to point out that Theorem 4 of this paper has been used in 
[HJlj to construct C 1 fine approximations on WCG spaces, and in [S] to 
construct smooth extensions of functions from closed subspaces of WCG 
spaces. Other reasons for the interest in smooth, Lipschitz approximations 
includes their importance in the construction of deleting diffeomorphisms 
on Banach spaces (see e.g., [AM]), and their use in smooth variational 
principles on infinite dimensional Hilbert manifolds ([AFL], [AFLR]). 

Let us give some background. We are considering the problem of uni- 
formly approximating continuous, real-valued functions on Banach spaces 
X by certain smooth functions. This problem has a long history, beginning 
with the work of Kurzweil [K] and continuing through to the present (see 
e.g., [FM], [DGZ] and further references below). The preferred method 
for approaching such smooth approximation problems has been via smooth 
partitions of unity. Indeed, the ability to uniformly approximate arbitrary 
continuous functions on X by C p smooth functions is equivalent to the ex- 
istence of C p smooth partitions of unity on X (see e.g., [DGZ] ). In this 
vein, for Banach spaces X admitting a C p smooth bump function (a C p 
smooth function with bounded, non-empty support), the existence of C p 
smooth partitions of unity has been established in fairly wide classes of 
spaces. For example, when X is separable this was shown by Bonic and 
Frampton [BF| . and this was later generalized to weakly compactly gener- 
ated spaces [GTWZ] (see also, [DGZ], [SS]). Recently in [HH], it was 
shown that in C {K) spaces, for K compact, the existence of C p smooth 
bump functions and C p smooth partitions of unity are equivalent. 

One of the drawbacks of employing partitions of unity is that it is very 
difficult to arrange for the approximating function to possess nice properties 
in addition to basic smoothness. For example, if one wishes the smooth 
approximate to be convex or a norm, then other techniques are generally 
required (see e.g., jMPVZj ). The situation in which one requires the approx- 
imate to be Lipschitz as well as smooth was addressed in a series of recent 
papers, [FT], [F2] . | AFMj . [AFLR], [HIT] . [HJ2] . In particular, it was 
shown in [AFMJ that for separable Banach spaces X admitting a Lipschitz, 
C p smooth bump function, the uniform approximation of uniformly contin- 
uous, bounded, real-valued functions / by Lipschitz, C p smooth functions g 
is possible (we note that the uniform continuity of / and the existence of a 
Lipschitz, C p smooth bump function on X are necessary). In fact, using a 
simple argument motivated by ]HJ1] (see also Theorem 4 below), the result 
from [AFMJ can be used to prove: For X a separable Banach space admit- 
ting a Lipschitz, C p bump, there exists C > 1 so that for Y C X any subset, 
e > 0, and r/-Lipschitz function / : Y — > R, there exists a Cry-Lipschitz, 
C p smooth function g : X — > R with |/ — g\ < e on Y. When Y = X, this 
result has been extended to more general range spaces in [HJlj. In [F2J this 
result is shown to hold for maps having any Banach as range if we suppose 
that X has an unconditional Schauder basis. A related result was shown in 
[AFLR] where it was proven in particular that for a separable Hilbert space, 
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the approximate g can be chosen Lipschitz and C°° smooth with Lipschitz 
constant arbitrarily close to the Lipschitz constant of /. 

Aside from the p = 1 case when X is a general Hilbert or superreflexive 
space (see e.g., [LLj . [C]). and recent results for X = cq (T) from |HJ2| . all 
the results stated above concerning Lipschitz, C p smooth approximation are 
for separable Banach spaces. As indicated above, the purpose of this note 
is to extend some of these results to the nonseparable, weakly compactly 
generated case. In this light, for the real-valued case, the particular result 
of [AFM] noted previously can be seen as a 'Lipschitz version' of the clas- 
sical approximation work of [BFJ, while the present paper can be seen as 
a 'Lipschitz version' of the (implicit) approximation result of [G TWZ] , In 
this note we also present a result on the approximation of Lipschitz func- 
tions similar in vein to the Lipschitz result derived from [AFM] described 
above. To our knowledge, even for the C 2 smooth case in non-separable 
Hilbert space the results herein are new. Finally, we show how the result 
of [GTWZ] can be obtained from our main result. The entire proof is 
presented here for the sake of clarity and completeness. 



2. Main Results 

The notation we use is standard, with X typically denoting a Banach 
space. Smoothness here is meant in the Frechet sense and function shall 
mean real-valued function. X is said to be weakly compactly generated 
(WCG) if there exists a weakly compact set K C X with span (K) = X. 
This class includes the separable and reflexive Banach spaces. 

A Banach space X is said to admit a separable projectional resolution 
of the identity (SPRI), if for the first ordinal /i with card(fi) = dens (X) , 
there exist continuous linear projections, {Q a : a € T}, where T = [ujq,ij], 
so that if we set R a = (Q a +i - Qa) / (||Qa+i|| + \\Qa\\) , we have, 

(i) . QaQ/3 = QmiafaP) 

(ii) . (Qa+i — Qa)(X) is separable for all a E V 

(iii) . For all x € X, {\\R a (x)\\} a G c (F) 

(iv) . For all x 6 X, x £ span {R a (x) : a < fj,} 

One of the keys to our result is the following fundamental theorem of Hay- 
don, 



Theorem 1 (HI). For any set L there exists an equivalent norm ||(-, -)ll on 
loo (L) © cq (L) such that if U (L) is the open subset 



(/, x) G loo (L) (J) c (L) : max 



1/1 + 5 M 



then |[(-, -)|| is C°° smooth on U (L) and depends locally on only finitely many 
non-zero coordinates there. 
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We shall also require the following deep result of Amir and Lindenstrauss 
(see also [T]). 

Theorem 2 (AL). If X is a WCG Banach space, then X admits a separable 
projectional resolution of the identity. 

We note that our main result is stated for WCG spaces, but it applies more 
generally to any Banach space admitting a separable projectional resolution 
of the identity. Such spaces include weakly Lindelof determined spaces, 
duals of Asplund spaces, and C (K) spaces for K a Valdivia compact (see 
[DGZ]). We first establish our result for bounded functions, then relax this 
condition later for convex domains. 

Theorem 3. Let X be a WCG Banach space which admits a C p smooth 
norm. Let e > 0, G C X an open subset and f : G — > R a uniformly 
continuous and bounded function. Then there exists a Lipschitz, C p smooth 
function K on G with \ f (x) — K (x)\ < e for x G G. 

Proof. To simplify the proof, we shall take G = X, leaving the slight 
technical adjustments to accommodate a general open subset Gclto the 
reader. In our use of Theorem 1, we may assume that for some A > 2 we have 

\\(; OIL < ||(-, Oil < A ||(-, OIL . where Hfo,*)^ = max{||0|L , IMLI ■ As 
well, for simplicity we shall assume that / is 1-Lipschitz; the case where / 
is uniformly continuous is similar. 

Fix a C p smooth norm ||-|| on X, and let e G (0, 1) . Because / is bounded, we 
may assume that 3/4>/>l/2by adding a suitable positive constant and 
scaling. Also because / is bounded, it can be uniformly approximated within 
e/3A by a simple function tp, and hence for the purposes of approximation 
it is enough to work with ip, which we do for the remainder of the proof. 
We note that by choice of e and A, we have < <p < 1. Let the cardinality 
of the range of <p be N. 

It will be helpful in the sequel to recall the construction of <p here. We 
evenly partition [1/2,3/4] into subintervals Ii = (aj,6j] with midpoint vtii 
and width A = e\ < e/3A. Define ip (x) = Yli=i m iXf-^(ii)- 

We may suppose that X is nonseparable (see the Remark at the end of 
this note), and given that X is WCG, by Theorem 2 we let {Q a } aer be an 
SPRI on X, and let T be the collection of all finite, non-empty subsets of T. 
Our goal shall be to construct appropriate maps S : X — > l^ (j 7 x N 2 ) and 
T : X — > Co (J- x N 2 ) for use in applying Theorem 1. 

Using property (ii) of an SPRI, for each K G T pick a dense sequence, 
{xn}^ = i c Xk = span {R a (X) : a G K}. From property (iv) of an SPRI, 
we have that 

V = {x% : K £ T, n G N} 

is dense in X. 



APPROXIMATION BY LIPSCHITZ, C p SMOOTH FUNCTIONS 5 

In the folowing lemma, e±, ip, and the mi are defined as given above. For 
5 > 0, let (s G C°° (R, [0, 1]) be decreasing and Lipschitz such that (s (*) = 1 
iff t < 5/32 and (s (t) = iff t > 5/16. Using this notation, we shall require 
the following technical lemma. 

Lemma 1. For every x% € T> there exists an associated x^,' G V and a 
Lipschitz function € C°° (R, [0, 1]) with Lipschitz constant independent 
of (K,n) and (t) = for t > e±, such that for any y with \\y — x^\\ < 
5/32 = ex/32 2 (i.e. 5 = ei/32) ) we have 

v{rt')ts(\\y-x%\\)tn (\\v-x%\\) 

= sup [f (a#) (s {\\y - xi\\) Ct (lb - a&ll) ■ (L,m) € , 
where given (L, m) we denote by (L 1 , m') the associated pair. 

Proof. Fix x^ € *D and y € X with ||y — x%\\ < 5/32. We assume 
that ip is continuous at x% ■ We leave to the reader the simple verifications 
required when ip is not continuous there. For i = 1,...,N, define pi = 
Pi (K,n) = inf{||x^f — w\\ : w € T>,<p(w) > mi} where pi = oo if there are 
no such y's. It is clear that at least one pi is finite. We also remark that 
pi = 0, as ip (w) = nii > mi for some i. Unless otherwise stated, both i and 
pi are understood to be taken with respect to (K, n) to ease notation. We 
shall need the following. 

Fact. Unless pi = oo or pi = 0, pi + i > Pi + £\. 

Proof of Fact. Set x = x^ and suppose that for some i, with pi finite and 
non-zero, pi + \ < pi + £\. Then there is a zi € D with ip(zi) = mj+i such 
that \\zi — x\\ = pi +£i — rj for some rj satisfying < n < pi. Let z 2 be on the 
line segment [x,Zi] with \\z 2 — x\\ = pi — n/2. There is a z 3 e D such that 
H-22 — -23|| < f]/2 and ip{z 3 ) < mj_i. Now, since x, zi, and Z2 are collinear, 



\\zi ~ Z 3 \\ < \\(zi - x) - (z 2 - x)\\ + ||z 2 - -^H 
= \\zi - x\ \ — \\z 2 - X\ \ + \\z 2 — 23 1 1 

< (Pi + £i - r?) - (pj - r//2) + r?/2 = e x . 

But (^(zi) = ip(z 3 ) + 2ei, by definition of rm, implying f(zi) - f(z 3 ) > Si, 
and this violates the fact that / is 1-Lipschitz. □ 



Returning to the proof of the lemma, we consider three cases. Recall that 
i = i (K, n) and pi = pi (K, n) unless otherwise stated. 
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(1) If for some j = j(K,n), Pj(K,n) £ [$i £ i] j then define a decreasing, 
Lipschitz function (f = d e C°° (R, [0,1]) such that d(t) = 1 



for t G [0,pj - 5/ 2 ] , Ci (t) = for t > pj - 5/4. Pick 



with 



„A 



x 



A" 



G [0,(5/4] and V? (^v') = fnj-i- Note that we may 
assume Lip((j) < 5/5. 
(2) If for some j, pj G (0, (5) , then define a decreasing, Lipschitz func- 
tion C,f = C2 £ C°° (R, [0,mj-i/m,j]) such that C2 (*) = m j-i/ m j 
for t G [0, <5 + 5/4, ] , Ci (t) = for t > 5 + (5/2. Observe that since 
pj 7^ 0, j > 1 and so rrij-i/mj is well defined. Pick x^, with 



„A 



.7; 



A" 



Lip(C 2 ) < 



G [pj, 5] and ip (^x^, ^ = rrij. Note that we may assume 



mj-i 5 < mi 5 < 5 



m2 <5. — <5 ' 

(3) If there is no j such that < pj < e±. If pj = with j the maximal 
such index and j > 1, then take x^T = x^f and C,f = (2- If, on 
the other hand, p\ = is the largest such index, take x^, = x^ 
and Cn of the form £1 using p2 in its definition. We handle pj > e\ 
similarly. 

We verify that, with the condition on y, we must have 

v{rt')Cs(\\y-xZ\\)cZ(\\y-rt'\\) 



>^(^)Cs{\\y-xi\\)C{\\y-x^\\) 

for any (L,m) G (^,N). 

The argument depends on the case: 

(1) If case 1 holds for x%, then pj(K,n) > 0, C<5(||y — x n\\) = 1 anc ^ 



Cf(lly-^'ll) 

for some x!^, 



1 since \\y-x* \\ < 5/32 + 5/4 < pj-5/2. Suppose that 



y-x r 



) 



(2.1) 



Then \\y 



> <P [ Xn> ) Cs 



x 



A 



Cn ( V- %m' ) 



< 5/16, else & (II 2/ 



0. In particular this shows that 



x 



A 



X v 



< (5/8. Now ip {x^?j > irij + i is untenable. Indeed, suppose this 
were the case. Since by the Fact above, pj + \ cannot be in [0, £\) it must be 
that \\y — x^,\\ > E\ — Jj. But then (\\y — x^,\\j = (regardless of the 

way that is defined). So if (2.1) holds it must be that <p (x^?j = m 
We consider the subcases. 



3 ' 
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• If case 1 holds for x^, then pj* (L, m) G [S, £\] , where j* = j* (L, m) , 
and (p (x^J^ = rrij*-i. As if (x^) = mj, we must then have 
j* = j + 1. Let us show that this leads to a contradiction. If 
j* = j + then by the Fact, Pj*(K, n) > pj(K,n)+£i >6+£±. But 
\\ x n ~ x m\\ < 5/8 easily implies that \pj*(L,m) — pj*(K,n)\ < 8/8, 
and so pj*(L,m) > ^ + e± £ [6,£i] , a contradicition. 

• If case 2 holds for x^, then mj = ip [x^J^ = mj* =4> j* = j, 
and since (m(t) < mj*-\/m,j* = rxij-x/mj for all t, we must have 
V ( x m') — which we have observed is untenable. 

• If case 3 holds for x^ with pj* = and j* > 1, then rrij = 
<p (x^) = m j* ^ 3 = 3* \ an< i we argue as in case 2 above. If 
case 3 holds for x^ where j* = 1, then rrij = <p (x 1 ^ = vn,\ imply- 
ing j = 1 and so pj (K,m) = 0, a contradiction. When pj* > £±, 
we proceed similarly. 

This completes the case 1 analysis. 

(2) If case 2 holds for x* , then ( s (\\y - x*\\) = 1 and Cf (\\y ~ s£'||) = 
mj-i/m,j since ||y - x^'|| < 5/32 + 5 < 55/4. Thus 

Suppose that for some x^ 

<P Cs (\\y - a&||) C4 (||y - x^ll) > mj-!. 

Then we must have <p = where again 99 > rrij + i is unten- 

able. From this point the argument is as in case 1. 

(3) If pj = with j > 1, we argue as above for case 2. If pj = with j = 1, 
we argue as above for case 1. The case pj > £\ is similar. □ 

Remark 1. It follows from the proof of Lemma 1, that for any x^ with asso- 
ciated point x^T , andy G X with ||y — x^|| < (5/16, we /iaue </? (x^ (J£ ( y - 
rrij-i, for some j = j (K, n) . 

For the remainder of this note, if x^ is given, we shall denote the associated 
point in V as provided in Lemma 1 by x^> . We also use the quantities E\ 
and 5 as defined above, in the sequel. It is worth noting that (g (t) < 1 and 
Cn < 1 f° r an n ) ! facts we shall use later. Let us put 

L = max {Lip (C5C1) , Lip (C<5C2)} • 
Now we define a coordinatewise C p smooth map S : X — > l^ (F x N 2 ) by, 



8 



R. FRY AND L. KEENER 



(Sz) 



(K,n,m) 



^ c*(|k-^||)cf 



x — X 



K> 



noting that [Sx)^ Knm ^ < max(^ < 1, since C<5 < 1, Cn < 1- 

Let v G C°° (M, [0, 1]) be such that i/ (t) = for t < 1, i/ (t) > for t > 1, 
and < i/' < 3. 

Now define T:I^^(fxN 2 ) by, 

\ 1 1 a&K J 



X) 



(K,n,m) ' 



Let us first see that T maps into cq (J- x N 2 ) . Let e' > 0, fix x G X and 



(K,n,m) 



< e since 



fix iV with 1/iV < e'. Now max {n,m} > N implies (Tx) 
v < 1 and (Sx)(k nm) — 1- Next, by property (iii) of a SPRI, for each I G N, 
let i 7 } be a finite subset of T such that a £ Fi implies \\R a (x)\\ < 1/7, which 
implies v (I \\R a (x)||) = 0. Finally, let 



S = {(K,n,m) G T x N 2 : n,m < N, K C F m } . 



Then 5 is finite, and (K, n, m) ^ 5 implies (Tx' 



(K,n,m) 



< £'. 



Next, fix (K,n,m) and consider the coordinate function x — > (Sx)^ K , 
Observe that, since HlHl'll < 1 and 99 < 1, we have 











K' 




( 


X X n i 


))' 



( 5 ' X )(ft:,n,m) 

(a(lh-^ll)c, 



< £. 

It follows that for any x,x' € X, 

(^)(K,n,m) " ( 5a (*,„,„,) | ^ L \\ X ~ X 'h 

and so S : X — > (J 7 x N 2 ) is continuous. 

Moreover, since each coordinate function x — > {Sx)^ K nrn ^ is Lipschitz with 
constant independent of (if, n, m) , 5 : X — > /<x> x N 2 ) is Lipschitz. 
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Next we have, 



( Tx )'{K,n, 



m ) nm \K 



0eK a£K\{/3} 



x v'(m \\Rp(x)\\) m \\R p (x)\\' (R' p (x)) ] (Sx) (K ^ m) 



+ 



[J V (™ \\Ra(x)\\))(Sx){ Ktntm) 
1 1 a£K I 



from which it follows that 



n,m) 



< -TF7\ y [ TT " ( m \\ R a ^ 



x !/(m ||^(x)||) m ||||^(x)||'|| ||i^(x)||] (Sx 



+ ^K\(^ u{m II ^ (X)II) ) II^W) 

1 1 \aeK I 

< — r V 3m \\R \\ + L < 3L + L = AL, 

nm \K> 



>(K,n,rn) 



/3eK 



where we have used; v < 1, v' < 3, |||H|'|| < 1, and ||-R/3|| < 1 for all (3 G Y. 
Hence for each coordinate, 

( T ^(K,n,m)-(Tx') {K ^ m) \<4L\\x-x'\\, 

implying T : X — > Co (J 7 x N 2 ) is continuous and, as above, we have that 
each coordinate function x — > (Tx)^ K nm ^ is Lipschitz with constant inde- 
pendent of (K, n, m) , and so T : X — > Co (J 7 x N 2 ) is also Lipschitz. 

Now for each fixed x G X, by property (iv) of an SPRI, there exists x^ G V 
with 1 1 £c — x%\\ < 5/32 and R a (x) / for all a € K. It follows from Lemma 
1 that for this if and n, and any m, 

(Sx)(K, n , m ) = V Ci {\\x - ||) Cf (fx - x«'\\) = WSxW^ . 
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Moreover, from the definition of v, for sufficiently large m £ N we have 
v (m \\R a (x) ||) > for all a € K, and so for this choice of (K, n, m) , 

( Tx )(K,n,m) = U " (™ 11^0*011) (S X )(K,n,m) 



\Sx\\„>0. 



From the observations immediately above, with the same choice of (K, n, m) 
for the given x, it follows that, 



I ^ I loo — (S X )(K,n,m) < i^ X )(K,n,m) + 9 ( ra 0(K,n 



m) 



(2.2) 



< 



Sx + -Tx 



Next, since for any x £ X there exists (K,n,m) with (Tx)^ K nrn ^ > 0, we 
have for such (K, n, m) , 



(K,n,m) 



nm \K\ 



\[v{m\\R a {x)\\)){Sx) {K ^ m) <{Sx] 



(K,n,m) 



< {Sx)( K n w?j + - {Tx)( K n m ) , 

and hence (Tx), Knm j < \\Sx + ^TxW^. That we may replace (Tx)^ Knm ^ 
in this last inequality with ||Ta;|| while maintaining the strictness of the 
inequality follows from the fact that T maps into cq {T x N 2 ) ; and therefore 
we have 

(2-3) WTxW^ < 

We define $ F : X -» {? x N 2 ) 0c o {T x N 2 ) by, <§> F (x) = (Sx,Tx) . 
The inequalities (2.2) and (2.3) show that maps into U = U (jTxN 2 ) 
(see Theorem 1), and moreover, given that both T and S are Lipschitz, we 
have that $f is Lipschitz as well. 

Next let || (•, •) || be the C°° smooth norm on U C {T x N 2 ) c {T x N 2 ) 
as given by Theorem f. Since as shown $j? is continuous and maps into 



Sx + 
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the open subset U, we have that the composition ||$f(x)|| is C v smooth 
given that both S and T are coordinatewise C p smooth, and on U the 
norm || (-,•)! depends locally on only finitely many non-zero coordinates. 
We note, ||$f(x)|| < A \\$p (x)\\ 00 = Amax {{{SxW^ , HTx^} < A, since 

\\Tx\ln < \\Sx\ln < 1. 



Now define S : X -> {T x N 2 ) by 

( & ) 

Likewise we define 



(K,n,m) 



Tx 



1 



(K,n,m) 



nm \K\ 



! [ f (m \\R a (x 



aeK 




(K,n,m) 



We now analogously define $:X^Ioo (f x N 2 ) © c x N 2 ) by, $ (x) = 
(^Sx,Tx^j . It is easy to see that again <3? maps into ?7(jFxN 2 ) using an 
argument similar to that used above for &p. Indeed, for x and x% with 



\\x — x%\\ < 5/32, we have 
Finally define, 



Sx 



K{x) 



K 



(s( x-x% 



l$F (x) 



1. 



|$ (x) 



As noted above, the numerator of if is C p smooth. Also, for any x € X we 



have ||$ (a:) || > (Sx,tW) 



> 



Sx 



1, and so K is C p smooth. 



Now, given that &f is Lipschitz, so is the composition \\&f (x)|| , and sim- 
ilarly for ||$ (x)|| . Since in addition \\&f (x)|| is bounded, and the denomi- 
nator ||$ (x)|| is bounded below by 1, it follows that the quotient function 
K is Lipschitz. 

We finally show that \K — ip\ < e. To this end fix x € X and let, 



C = {{K,n) g fxN : ||x -< || < 5/16 < e x < e/3A} . 



Note that if (K, n) ^ C, then (Sx)^ Knm ^ = for all m, from which it follows 
that $ F (x) (X n m) = $ (x) {K n m) = 0. ' 



12 R. FRY AND L. KEENER 

Now we estimate (using (p > 0), 



\K{x)-<p{x)\ 



\$ F (x) 



||* (a?) I 
|*f (a;) 



|$ (x) 



ip(x) 



|* (x) 



I* (x) 



|v? (x) $ (x) 



l$(x) 



< 



|<3? (x) 



v Of) e ( 



K' 



K' 

X - X^, 



) 0(11^-^11) 



/ (K,n,m) 



Since only those coordinates in C survive, we need only consider (K, n, m) E 
C x N. Recall that this implies ||x — x^|| < 5/16. It will suffice to con- 
sider case 1 and case 2 from Lemm 1; case 3 being similar. Then by Re- 
mark [H ip (x^) ) Cn { x ~ x n' ) = m j-i> f° r some j = j (K,n) and all 



A' 

x — x^, 

pairs [Xn,x^, j where ||x — x^|| < 5/16. It also follows from the defini- 
tion of pj (K,n) that ip (x^) = rrij-i. Now as ||x — x^|| < 5/16, from the 
1-Lipschitz property of / we also have (when defined) that either ip (x) = 
rrij-2, rrij-i, or rrij. In any event, for p = 0, 1, 2, this gives 

.K' 



ip(x) 



711 



j-i — rrij^pl < ex < e/3A. 



Hence, for (K, n, m) E C x N we have, 



'■p( x n')Cn( x ~ x n' ) ~ f 0) \(s {\\ x ~ x n \\) 



Similarly, 



< 



x — x 



A" 



ip(x) < e/3A. 



x — X 



A' 



ip (x) I I Tx 



(K,n,m) 



< e/A. 



Now, as 1 < ||$ (x)|| and ||-|| < A||-|| , the estimates above finally gives us 
\K (x) - (p (x) | < e. ■ 
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Corollary 1 (GTWZ). Let X be a WCG Banach space which admits a C p 
smooth norm. Then X admits C p smooth partitions of unity. 

Proof. Let A C X be open and bounded, and set p (x) = dist (x, X\A) . 
Note that p is uniformly continuous, and since A is bounded, p is bounded. 
Now our Theorem 3 can be applied to p to produce C p smooth, uniform 
approximates. Finally, an examination of the proof of Theorem VIII. 3. 12 
[DGZ] shows that the uniform smooth approximation of such p is sufficient 
to conclude that X admits C v smooth partitions of unity. □ 

The next result is based on [AFK, Lemma 1], which was motivated by 
[HJT]. 

Theorem 4. Let X be a WCG Banach space which admits a C p smooth 
norm. Then we have: 

(1) For every convex subset Y C X, every uniformly continuous func- 
tion f : Y — > R, and every e > 0, there exists a Lipschitz, CP- 
smooth function K : X — > R such that \f (y) — K (y)\ < e for all 
yeY ' 

(2) There exists a constant Cq > 1 such that, for every subset Y C X , 
every n-Lipschitz function f : Y — > R, and every e > 0, there 
exists a C^n- Lipschitz, C v -smooth function K : X — > 1R such that 
\f{y)-K{y)\<e for ally EY. 

Proof. For (1) , observe that because / is real-valued and Y is convex, by 
[BL| Proposition 2.2.1 (i)] / can be uniformly approximated by a Lipschitz 
map, and hence it is enough to establish (2) . 

The proof of Theorem 3 shows that there is C > 1 such that for every 1- 
Lipschitz function g : X — > [0, 10], there exists a C p function ip : X — > R 
such that 

(1) \g(x) - ip(x)\ < 1/8 for all x G X 

(2) cp is C-Lipschitz. 

Indeed, the proof of Lemma 1 shows that the Lipschitz constants of the 
Cn depend only on e and the bound of F, from which it follows that the 
Lipschitz constant of the smooth approximate K in Theorem 3 has a likewise 
dependence. 

We first see that this result remains true for functions g taking values in 
R if we replace 1/8 with 1 and we allow C to be slightly larger. Indeed, 
by considering the function h = 9 o ip, where 6 is a C°° smooth function 
9 : R -»• [0, 10] such that \t - 0(t)\ < 1/4 if t e [0, 10], 9{t) = for t < 1/8, 
and 6(t) = 10 for t > 10 — 1/8, we get the following result: there exists 
Co := CLip(#) such that for every 1-Lipschitz function g : X — > [0, 10] there 
exists a C v function h : X — * [0, 10] such that 

(1) \g(x) - h(x)\ < 1/2 for all x € X 

(2) h is Co-Lipschitz 

(3) g(x) = => h(x) = 0, and g(y) = 10 =► h(y) = 10. 
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Now, for a 1-Lipschitz function g : X — > [0, +00) we can write g(x) 
Y,n=o9n(x), where 



g(x) - lOn if lOn < g(x) < 10(n + 1) 

if #(x) < lOn, 

10 if 10(n + 1) < g(x) 



and the sum is locally finite. The functions g n are clearly 1-Lipschitz and 
take values on the interval [0, 10], so there are C p functions h n : X — > [0, 10] 
such that for all n £ N we have that h n is Co-Lipschitz, \g n — h n \ < 1/2, and 
h n is or 10 wherever g n is or 10. It is easy to check that the function 
h : X — ► [0, +00) defined by h = Y^=o ^ n * s ^ p smooth, Co-Lipschitz, and 
satisfies \g — h\ < 1. This argument shows that there is Co > 1 such that 
for any 1-Lipschitz function g : X — > [0, +00), there exists a C 1 function 
h : X — ► [0, +00) such that 

(1) |#(x) - < 1 for all X G X 

(2) h is Co-Lipschitz 

(3) g(x) = ^> /i(x) = 0. 

Finally, for an arbitrary 1-Lipschitz function g : X — > M, we can write 
g = g + — g~ and apply this result to find C p smooth, Co-lipschitz functions 
h + ,h~ : X — > [0, +00) so that h := h + — h~ is Co-Lipschitz, C p smooth, 
and satisfies \g — h\ < 1. 

Now let us prove the Theorem. By replacing / with the function 

x ^ m£{f(y) +rj\\x - y\\}, 

which is a 77-Lipschitz extension of / to X, we may assume that Y = X . 
Consider the function g : X — > R defined by g(x) = -f(-x). It is imme- 
diately checked that g is 1-Lipschitz, so by the result above there exists 
a C p smooth, Co-Lipschitz function h such that \g(x) — h(x)\ < 1 for all 
x, which implies that the function K(y) := eh{-y) is Cor/-Lipschitz and 
satisfies \f(y) - K{y)\ < e for all y 6 X. □ 

Additional Remarks 

(1) The result of |GTWZ] supposes the formally weaker hypothesis 
that X admit only a C p smooth bump function rather than a C p 
smooth norm. However, as noted earlier, for WCG spaces it is 
unknown if these conditions are equivalent. 

(2) We note that in general it is not possible to establish Theorem 3 
from Corollary 1, since while the existence of C p smooth partitions 
of unity implies (in particular) that uniformly continuous functions 
can be uniformly approximated by C p smooth functions, these lat- 
ter functions are not generally Lipschitz. 

(3) A version of Theorem 3 for separable X is given in [AFM] (see 
also [Fl]) which does not use the results of Haydon [HI] or Amir 
and Lindenstrauss [ALj . 
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